We study local boundary regularity for the Stokes system. We show that, unlike in the interior case, non-local effects can lead to a violation of local regularity in the spatial variables near the boundary.
. We consider the system:
where e ' h (
. We will assume D ¤ ( 
D
. Because of non-local effect of the pressure, estimates of this form cannot be expected to hold for system (1) . Nevertheless, G. Seregin recently in [9] proved the following result for (1) In this paper I construct examples showing that the result in [9] cannot be extended to the derivative
do not exist at the boundary. The plan of this paper is as follows: In Section 2, we review the representation formula for the Stokes system in a half space in [12] and we set up our example.
In Section 3, after basic observations, we show that the solution we construct is bounded in a region considered.
In Section 4, we obtain a priori estimate of the normal derivative and show that normal derivatives of the solution we construct are unbounded near the boundary at a certain time.
In Section 5, we show that constructed solution is indeed a weak solution and the pressure associated with it is in a reasonable Lebesgue space. At the end of this section, we briefly explain another example, which is again a weak solution but Hölder continuity fails at the boundary.
Preliminaries
In this section we collect notation and definitions used throughout this paper. We shall also recall results in [12] for the Stokes system in a half space in , which we will specify below. 
Definition of boundary data
where ¾ and satisfy the following properties, respectively:
¾ is compactly supported, smooth, positive, radially symmetric and
where Ð is a cut off function satisfying
, and 
Since the tangential components of boundary data are zero at the boundary (see (4) ), in order to find the explicit representation of D , it suffices to recall the Green tensor
, and ß ¤ , which are given as follows (see [12, page 36]):
Using the Green tensors above, the each component
of velocity field of the Stokes system (3) with (4) is expressed as follows (see [12, page 53]):
More specifically,
Finally, we conclude this section by reminding the representation formula of the pressure associated with
where is defined in (10).
Basic Lemmas and bounded velocity
Let us choose a point § 2
sufficiently away from origin and § £ ' (
(for instance we may take § £ ' " (
. Suppose that 
and D satisfies initial and boundary conditions 
where means the first order spatial derivative, not including time derivative. We shall start with simple observations for our proof. We consider 
Dividing integrand on each disjoint sets, we have
Finally, similarly, the third term
is estimated as follows.
To sum up, we get
The scaling property (19) completes our proof.
Following similar procedures of the previous Lemma, we also have the lower bound of
, and
Proof. As the previous case, it suffices to consider the case of ae ¤ "
. It follows the simple modification of the first term. Using
The scaling property (19) completes our proof. 
where
Proof.
For convenience, we denote
. We note first that there exists a positive constant ' # (
is sufficiently away from the support of 
and write it, for convenience, as
With the aid of the estimate (9),
First consider the last term.
where is independent of § 2 and ae . Indeed, the crucial fact is that § 2 F 2 never vanishes. With the aid of the scaling method, (26) can be easily verified. Using the estimate (26), we have
Finally, using the relation (11) and the estimate (27), the second term in (25) can be estimated by the similar computations we did before, and thus we omit details. This completes the proof.
Normal derivatives near boundary
In this section, we study a priori estimate of normal derivatives of velocity field 
A priori estimate
In next Lemma, we assume that Ê given in (4) 
Proof. Note first that it suffices to consider
is controlled by tangential derivatives due to
. In addition, we estimate only t D £ . Since it follows similar procedures, we omit the detail for t D w
. Recalling representation formula, we denote
as the proof of Lemma 3.3 (see (23)). We note first that 
, the integration by parts, and the estimate (8) 
Consider the first term,
. Taking derivative with respect to § and using the relation (11), we obtain
With the aid of (9), ¤ is estimated as follows:
Following the similar computation as (27), we have
This completes the proof. 
Unbounded normal derivative
Before we state our main Lemma, let us make some comments for boundary data
in (5). Among arbitrary smooth functions satisfying certain properties (see [S] in page 4), we can choose an appropriate function
where § 2 
The Proof of Main Lemma
We only prove the case of Þ ¤ "
. Since it follows the same procedure line by line, we omit the details for the case of
. In addition, as mentioned earlier, it suffices only to consider
, and therefore in this proof, we only prove the following estimate for § © 9 ¡ ã and when
Simple computation shows that
where and ì are defined in (16) and (17), respectively. Thus, we obtain
, for simplicity. We first show that the second term D is bounded. Indeed, using the estimate (20) and d Ã Ï F ae u g ¤ ae µ
, we have
Let us show first that the second term ¤ £ w is bounded. Indeed, using the facts that
is bounded and is strictly positive, we have
where we used the change of variable t¡ 
To sum up all the above estimates, we obtain
Thus it remains to estimate
Summing up all together, we obtain
. This completes the proof.
Remark 4.2 Calculations similar to those above gives that

D is Hölder continuous with the exponent
. Since computations are similar to above Main Lemma and more or less straightforward, we omit the details.
Remark 4.3 If we take
Conversely, similar computation shows the reverse inequality, i.e. 
Weak derivative and pressure integrability
. Here a weak solution
for every divergence free vector field
(see e.g. [14, page 171] for an analogous version of weak solutions). We note that once we have (12) . Then
is the easy consequence of estimate (34) 
In the case that
where we used the fact that
is smooth, and therefore using the integration by parts, we obtain 
With the aid of the inequality above, we get . Let us first recall the representation of the pressure already shown in (13) . . This completes the proof.
Summarizing the previous results, we obtain the following main theorem. We conclude this section by constructing another example which is not even Hölder continuous up to the boundary. 
Main Theorem Let
